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Rotating parachutes are used, for example, to decelerate and spin the submunitions of defense weapons
against armored ground vehicles. Usually, the desired system performance data, like velocity of descent, rate
of spin, submunition inclination angle against vertical, and dynamic stability are so difficult to meet all at the
same time that intensive design and redesign work is necessary until an optimal parachute-load configuration
is found. To limit time-consuming field tests with expensive hardware, a 9-degree-of-freedom (DOF) computer
program was developed for the simulation of the trajectory and the dynamic behavior of the parachute system.
Now the influence of the important system parameters can be analysed in a simulation first. In this article the
mathematical model of the parachute-load system is presented together with typical simulation results.
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Subscripts
E, L, P
O
1, 2, 3

state vector
angle of attack
angle at which CNa becomes positive
angular velocity vector
Euler angles
air density

= earth, load, parachute
— parachute connection point
= jc, y, z direction

Superscripts
0, 1,2, 3, 4, 5, 6 = number of Euler angle rotations

I. Introduction

F OR many applications parachute-load systems can be
treated as single rigid masses. It is sufficient when, for

example, only the trajectory of the center of gravity is to be
simulated. But, it fails when the relative motion between the
parachute and the load needs to be considered, as in the case
of rotating parachutes with stores that can pitch up. Then two
coupled masses must be taken into account. Assuming that
the two masses are connected by a joint, this leads to a math-
ematical model with 9 DOF.

In 1968 Wolf1 was the first to publish a nonrigid parachute
and payload model. His paper stimulated dynamic wind tun-
nel experiments conducted by Doherr2'3 with 5 DOF, where
both the load and the parachute were free to pitch and yaw.
Additionally the parachute could perform a rolling motion.
In 1984 Pillasch et al.4 introduced the Lagragian equations of
motion of a coupled three-body parachute submunition sys-
tem with up to 15 DOF, including a friction plate and elastic
suspension lines.

The present paper is an extension of Doherr's Ph.D. thesis3

to rotating and nonrotating parachute systems in free-flight
with 6 DOF for the load (position and attitude) and up to
3 DOF for the parachute. Depending on the design of the
joint the parachute may yaw and/or pitch and/or roll with
respect to the load. Friction in the joint and elasticity of the
suspension lines are neglected. The corresponding 9-DOF
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mathematical model, based on Euler's equations of motion,
was presented by Doherr and Saliaris5 during a lecture series
in 1987. Paus6 developed the strategy for the numerical so-
lution of the coupled nonlinear differential equations of mo-
tion by Runge-Kutta algorithms.

Since that time the simulation program has been developed,
tested, and used to investigate, for example, the influence of
the parachute aerodynamics on pitch angle and angular rate
of rotating submunitions.

II. Mathematical Model

A. Simplifying Assumptions

1) The load L and the parachute P are both rigid bodies,
connected in an arbitrary point O located in the load (Fig.

2) Depending on the design of the joint the parachute is
either rigidly attached or may yaw and/or pitch and/or roll
relative to the load.

3) The Earth E is considered to be flat, nonrotating, and
fixed in space; the Earth-fixed reference system is an inertial
system.

B. Coordinate Systems and Transformations

The following coordinate systems (Figs. 1 and 2) are used
1) Earth-fixed (space-fixed) XE, yE, ZE, with origin E\ 2) load-
fixed xL,yL, ZL, with origin O; 3) parachute-fixed xp, yp, zPi
with origin O; and 4) auxiliary (k = 0, 1, . . ., 6)
x\k\ x(2\ x(

3
k\ with origin E.

The auxiliary coordinate systems are introduced to describe
the attitudes of the body-fixed coordinate systems after k =

L, SL,0-6 Euler angle rotations through
Initially the auxiliary coordinates,
to the earth-fixed coordinates xE,'yE, ZE (Fig. 2). By the first

L, p, @P, P.
f\ are parallel

the auxiliary coordi-
/ = 1, 2, 3. The upper

rotation about the axis xf} through
nates are turned into the position j
index indicates the number of rotations. After two more ro-
tations about x(2} through ®L and about xf0 through <&L the
auxiliary coordinates become parallel to the load-fixed co-
ordinates XL, yL, ZL. Then, after three more equivalent ro-
tations through ^p, @p, and <£>P they become parallel to the
parachute-fixed coordinates xp, vp, zp.

The components of a vector V in two differently oriented
coordinate systems, for example ;c,-6) and jcJ3), are identified
by the upper index

. y(3) (la)

or, in components, for i = 1, 2, 3

Fig. 1 Parachute-load system.

,0

Both sets of components are related by the corresponding
transformation matrix, in this case C63

X3(3)=X34)||ZL

Fig. 2 Coordinates and Euler angles.

C. Kinematic Variables and State Vector
The position of the parachute system is given by the vector

r0 from the earth-fixed origin E to the parachute connection
point O (Figs. 1 and 2). The attitude of the load is described
relative to the earth by the Euler angles ^L, 0^, <&L (in the
order of rotation). The attitude of the parachute is described
relative to the load by three more Euler angles ^P, ©p, OP.

The motion of the system is expressed by the translatory
velocity V0 and by the angular velocities of the load, fi^, and

C63 -

cos cos

sin <l>p sin ®F cos
- cos 3>p sin ̂ p

cos <I>p sin Op cos
+ sin 3>p sin ̂ P

cos p sin Wp

- sin OP sin @P sin
+ cos <$>P cos ^P

cos OP sin 6F sin
- sin $>P cos ̂ P

- sin

sn ®r cos

cos ®P cos

(2)
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of the parachute, ftp, relative to earth-fixed coordinates. This
leads to 18 independent kinematic variables corresponding to
the 9 DOF of the system.

To avoid a singularity, which exists in the Euler angle dif-
ferential equations at OL = ± 90 deg, the Euler angles of the
load are replaced by the four elements qQ, ql, q2, q3 of the
quaternion Q, which are related by the norm

q\ q\ =

Then, the state vector Z has 19 elements

Z = Ooi, r02, r03, q0, ql9 q2, q39 ¥P, 0P,

(3)

(4)

The corresponding 19 different equations are derived in the
following.

During the simulation, the Euler angles of the load are
needed explicitly only once, namely to compute the initial
values of #,.('0) from Eq. (6) with ^L(t0), ©L(£0)> ^/XO- F°r

the next and all following steps it is sufficient to work only
with the transformation matrix. If desired, the Euler angles
can be calculated from

tan VL = C35/C3?; tan <S>L = sn (9)

F. Parachute Euler Angles
The angular velocity of the parachute differs from the an-

gular velocity of the load by the relative rate of rotation be-
tween both bodies. This can be expressed by the Euler angle
rates3

&P2 sin <£P + HP3 cos <&P)cos

cos tan sin tan

D. Trajectory of the Connection Point O

The projection of the velocity vector V0 on earth-parallel
coordinates provides three differential equations for the tra-
jectory of the point O

2 cos

sin W

3 sin

cos

sn cos

-i(0) _ T/(0) _ T/(6) . ̂ 60 _ lX6) • r"63 . /^30 f £\ro — v o — v O L x — v o LX LX yj)

C30 follows from C63 by replacing ^P, 6P, and <1>P in Eq. (2)
by tyLj ®L, and <I>L.

E. Load Euler Angles and Quaternions

The Euler angles are related to the quaternion elements
by7

L L L . L . L • Lq0 = +cos — cos — cos — + sin — sin — sin —

L • L • L - L L Lql = + cos — sin — sin — - sin — cos — cos —

. - .q2 = - cos — sin — cos — - sin — cos — sin —

L L • L . L . L L x xq3 = -cos — cos — sin — 4- sin — sin — cos — (6)

with linear differential equations which are free of singular-
ities

cos sin
COS '

(10)

In its general form, Eq. (10) is derived for the case that the
parachute is allowed to rotate about all its three axes. The
cases of restricted degrees of rotational freedom are discussed
later.

For the parachute canopy, as distinct from the load, the
Euler angle differential equations are not substituted by the
corresponding quaternion algorithm, because a relative pitch
angle of 90 deg between the parachute and the load is not a
case of practical interest.

G. Equations of Motion
Six more differential equations are derived from the equa-

tions of motion, based on the equilibrium of forces and mo-
ments, which act on the parachute-load system (Fig. 1). As
reference point the connection point O has been selected
instead of the center of gravity of the system.3 This approach
is not common in dynamics, but it avoids additional variables
which would otherwise have to be introduced.

Equilib rium of fo rces

mL - [V0 + &L x €5 mp - [V0

- (mL + mp)g + FL + FP

Equilibrium of moments about O

(11)

q2 =

x

tsp x — V0 = €SL x mLg + €5P x mpg

After integrating Eq. (7), the elements of C30 can be cal-
culated from

ML + MP (12)

ql - q\ - 42 + ql

(8)
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For the numerical solution Eqs. (11) and (12) are projected
on the rotating parachute-parallel coordinates *<6)

(mL ftp x

I. Aerodynamic Forces and Moments
The aerodynamic forces and moments are modelled in the

usual way by coefficients3'8

N = CN - V2 — d2 Normal force

Tangential force

(13) M =

and

x (V0 + ftp x V0)(6>

+ [/p(0)-ftp + ftp x (7p(0)-ftp)P

+ rop€gj} x (V0 + ftp x V0)(6)

= C63-[ML + €sz, x m^(C30-g(°>)]^)

+ M<$> + €$ x rap(C60-g(°>) (14)

Here the dot implies differentiation with respect to time of
the components in rotating coordinates.

H. Coupling Moment in O
The remaining three differential equations follow from the

coupling moment M0 between the load and the parachute

dt

or, in load-parallel coordinates

(15)

X [(V0 + ftp X V0)(6>-C63]

(16)

In this analysis, friction between the load and the parachute
is neglected. When the parachute is allowed to rotate about
an axis relative to the load, no moment about this axis is
transferred or, in other words, the component of the coupling
moment parallel to this axis is zero.

Therefore, the coupling conditions are

0, Afg} - 0
(17)

For each non-zero parachute Euler angle, one differential
equation can be derived from Eq. (10) and another one from
Eqs. (16) and (17). However, if an Euler angle is selected to
be zero, the DOF are reduced by one and the number of
necessary kinematic variables and differential equations are
reduced by two. In that case Eqs. (15) and (17) can be used
to determine the corresponding component of the coupling
moment.

- P
"m2

7T

4 '

L = \Clo + Clp
 y2

Pitching moment

moment

The coefficients are, in general, functions of angle of attack
and Mach number and can be either expressed by derivatives
or be tabulated.

The apparent mass forces and moments of the parachute
are modelled by a 6 x 6 tensor, which has only five non-zero
elements in case of a parachute with axial symmetry. For
details see Ref. 9. No apparent mass effects are appropriate
for the load.

J. Numerical Solution Scheme
The strategy for the numerical solution, set up by Paus,6

was to bring the differential equations into the state vector
form

Z = A-Z + B (19)

which allows numerical integration by standard algorithms
like Runge-Kutta-Fehlberg with step size control.

To be able to achieve state vector form, the apparent mass
terms were considered to be external forces and moments
caused by accelerations and velocities at an earlier time (t-r)
as proposed in the water tunnel tests performed by Cockrell
et al.10~12 This way the corresponding terms could be kept on
the right side of Eq. (19).

III. Examples
A. System Data

The flights of a cylindrical load with a rotating parachute
are simulated as examples. Investigated are the influences of
parachute stability, rolling moment, normal force fluctua-
tions, and wind gusts on the dynamic behavior of the system.

At the deployment of the parachute at an altitude of 200
m the load is flying with zero angle of attack on a 60 deg
declined trajectory at 70 m/s velocity, spinning at 5 rev/s. Both
load and parachute are assumed to possess axial symmetry.
The parachute connection point is positioned off the center
line of the cylinder so that the load achieves a static inclination
angle of about 20 deg against vertical at zero angular rate,
while the motion of the parachute relative to the load is re-
stricted to rotation about the Euler angle typ only. The system
data are collected in Table 1 .

The aerodynamic coefficients of the cylinder and the par-
achute are plotted in Figs. 3 and 4. Here, the apparent mass
effects of both the load and the parachute have been ne-
glected.

So far, very little aerodynamic data of rotating parachutes
have been published. Therefore, two principal cases were
investigated:

Case 1 — a "stable" parachute that produces mainly drag
and negligible lift and is, as shown below, already statically
stable at \a\ ^ astab = 0 deg.

Case 2 — an "unstable" parachute, which becomes statically
stable at a > ast = 5 deg.

Tangential and normal force coefficients are related to drag
and lift coefficients by
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Table 1 System data

Load Parachute
Mass m
Vector from 0 to €sl

center of gravity €52
(body-fixed) €53

Moments of inertia Ix
with respect to the Iy
centers of gravity; Iz
deviation moments 7l7

Reference diameter d
Length cylinder €
Length suspension €

line
Vector from 0 to £Rl

center of pressure £R2
(body-fixed) €*3

Tangential force coef. CT
Normal force coef. CN
Pitching moment coef. Cm
Pitch damping coef. Cmq
Rolling moment coef. Cto
Roll damping deriv. Clp

2- ———————————————————

1-

"c
.^H 0-

oo

-1-

-2-

kg 11.5 0.35
m 0.100 -0.6934
m -0.035 0
m 0.000 0
kg m2 0.035 0.048
kg m2 0.050 0.116
kg m2 0.050 0.116
kg m2 0 0
m 0.15 1.50
m 0.20 —
m — 0.81

m Variable -0.81
m -0.035 0
m 0.0 0
— Fig. 3 0.75
— Fig. 3 Fig. 4
— Fig. 3 - CNtRld
— Variable —
— 0 Variable
— 0 -0.017

! CT

"^^— '^/

...-— .,.%

/ ^N^

/>-H-\^

Cm pitching
CN normal
Op tangential

-100 -50 0 50 100
angle of attack [deg] OL

Fig. 3 Aerodynamic coefficients of the cylindrical load.

-20 -15 -10 - 5 0 5 10 15 20
angle of attack [deg] Ct

Fig. 4 Parachute normal force coefficients CN.

CT = CD cos a - CL sin a

CN ~ CD sm a + CL cos a (20)

At small angles of attack (i.e., |a| < 6 deg, sin a ~ a, cos
a ~ 1) and negligible lift, the coefficients of the parachute
can be approximated by

(21)

Thus, the case 1 parachute generates already at zero angle
of attack a large positive normal force gradient CNa, which
is the measure of the static stability of parachutes.

Fig. 5 Effective angles of attack, aL and ap.

0.000 0.005 0.010 0.015 0.020 0.025 0.030

Fig. 6 Submunition angular rate, £1L, in steady descent vs parachute
rolling moment coefficient, Clo.

time [sec]

Fig. 7 Submunition angular rate flL vs time, for Clo = 0.020: a) case
1 (stable parachute), and b) case 2 (unstable parachute).



DOHERR AND SCHILLING: ROTATING PARACHUTE SYSTEMS 779

50-

1 ^ OL, i i i i

Case 2 with
Qo = 0

time [se;c]

Fig. 8 Effective angles of attack, aL and ap, vs time without rotation
(Clo = 0): a) case 1 (stable parachute), and b) case 2 (unstable par-
achute).

b) time [sec]

Fig. 9 Effective angles of attack, ctL and ap, vs time with rotation
(Clo = 0.020): a) case 1 (stable parachute), and b) case 2 (unstable
parachute).

Another parameter of the stability of a parachute is the
angle astab at which CNa becomes positive. In wind tunnel
tests, when the parachute is attached at one point only, it
oscillates about an angle close to astab. Thus, astab can be
observed easily and recorded with a camera.

Because of the assumed axial symmetry of the system, the
effective angles of attack of the two bodies can be measured
in the planes, which are defined by the corresponding lon-
gitudinal axes and the velocity vectors at the centers of pres-
sure (Fig. 5):

aL = arc cos ;
* L

Vap = arc cos — p (22)
* P

B. Angular Rate
For the simulation, Ref. 8 was used for the derivatives of

the parachute rolling moment coefficient, Clo and Clp. Then,
Clo was varied from 0 to 0.030. For both cases under consid-
eration, the angular rate

(23)

which the system achieves at steady state, increases almost
linearly with Clo (Fig. 6). Rolling moment derivatives of Cto
= 0.020 and Clp = -0.017 produce a steady state angular
rate of 3 rev/s (Fig. 7).

C. Effective Angles of Attack
In steady descent the submunition is required to rotate at

a constant angular rate with very small pitch, yaw and roll
oscillations. These conditions require that the effective angles
of attack, aL and ap, which are easier to interpret than the
Euler angles, also vary very little with time.

In case 1, with the stable parachute, the angle of attack
oscillations caused by the initial conditions, vanish after about
8 s (Figs. 8a and 9a). In case 2, for the unstable parachute,
the system continues to oscillate (Figs. 8b and 9b). When the
parachute does not rotate the oscillation amplitude stays as
large as 6.5 deg about an average of 19 deg (Fig. 8b), whereas
for a rotating parachute the oscillation amplitude becomes
much smaller with 2.5 deg about an average of 30 deg (Fig.
9b).

Figure 10 shows in more detail that the steady state values
of aL and ap increase with angular rate £1L. From this can be
concluded that the inclination angle of the symmetrical cyl-
inder also increases with its angular rate. For the unstable
parachute (Fig. lOb) a strong roll/yaw coupling is observed
at ilL = 1.6 rev/s. Above this critical frequency the oscillation
amplitude first decreases and then increases again.

Wind tunnel measurements2'3 showed that the aerodynamic
coefficients of parachutes can contain relatively large varia-
tions about their average values. Therefore, a stochastic dis-

,-n 40-
00

1
1 30-|

cO

"o

flcd

"S 10-

a)

b)
2 3 4 5

angular rate QL [rev/s]
Fig. 10 Effective angles of attack, aL and o>, vs submunition angular
rate i\ in steady descent: a) case 1 (stable parachute), and b) case 2
(unstable parachute).
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With stochastic disturbance ACN

time [sec]

Fig. 11 Influence of parachute stochastic normal force variation ACV
on the effective angles of attack, aL and ap: a) case 1 (stable parachute),
and b) case 2 (unstable parachute).

tune [sec]

Fig. 12 Influence of a wind gust on the effective angles of attack, aL
and oip\ a) case 1 (stable parachute), and b) case 2 (unstable parachute).

turbance AC/v(0

- 0.02/?(0 (24)

has been added to the normal force coefficient CN(a), where
R(t) is a random number between -1 and +1. For the stable
parachute in case 1 this random input has only a small influ-
ence (Fig. 11 a), but it more than doubles the oscillation am-
plitude for the unstable parachute in case 2 (Fig. lib).

Finally, in Fig. 12 the effect of a 10 m/s horizontal wind
gust of 1 s length is simulated. The gust causes large oscil-

b) o
time [sec]

Fig. 13 6-DOF simulation with a massless parachute which produces
only drag Cmq^ = -20, Clo = 0.020; and no wind (corresponds to
Figs. 7a and 9a).

lations which take many seconds to decay. This clearly dem-
onstrates the sensitivity of the system to atmospheric distur-
bances and shows that there is very little damping of the pitch/
yaw eigenmotion for the coupled parachute-load configura-
tion.

D. Six-DOF Simulation
For comparison with the 9-DOF model, the results of a 6-

DOF simulation are shown in Fig. 13. In the 6-DOF simu-
lation a pitch damping coefficient of Cmq = — 20 was assumed
and the parachute was modeled only by a drag force. This
corresponds to a very stable parachute as in case 1 in Fig. 9a.
Accordingly, the angle-of-attack oscillation is quickly damped.
This example indicates that 6-DOF simulations are not ca-
pable of predicting the dynamic behavior of rotating systems,
when the parachute is not stable at a = 0 deg. But this is
precisely the situation, which often has to be anticipated in
reality.

IV. Conclusions
Simulations with more than 6 DOF are necessary with an

appropriate mathematical model of the joint between the load
and the parachute in order to predict the dynamic behaviour
of rotating parachute systems. Previous 6-DOF simulations
have been overoptimistic in predicting the stability of such
systems.

Rotating parachute systems are very sensitive to atmo-
spheric disturbances. Any such disturbance results in oscil-
lations of the load which can have considerable amplitudes.
The required stable descent conditions can not be achieved
with an unstable parachute.
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